Abstract. We study the problem of existence of Kähler-Einstein metrics on smooth Fano threefolds of Picard rank one and anticanonical degree 22 that admit a faithful action of the multiplicative group C * . We prove that, except possibly two explicitly described cases, all such smooth Fano threefolds are Kähler-Einstein.
Introduction
Smooth Fano threefolds of Picard rank 1 have been classified by Iskovskikh in [I77, I78] . Among them, he found a family missing in the original works by Fano. Threefolds in this family have the same cohomology groups as P 3 does. But their anticanonical degree is 22, so that we will call them threefolds of type V 22 . In fact, Iskovskikh himself missed one threefold in this family, which was later recovered by Mukai and Umemura in [MU83] . This threefold, usually called the Mukai-Umemura threefold, is an equivariant compactification of SL 2 (C)/I, where I denotes the icosahedral group. Its automorphism group is isomorphic to the group PGL 2 (C).
The automorphism groups of threefolds of type V 22 have been studied by Prokhorov in [P90] . He proved that this group is finite except for a unique threefold that admits a faithful action of the additive group C + , and a one-parameter family of threefolds that admit a faithful action of the multiplicative group C * , which includes the Mukai-Umemura threefold as a special member. We refer to the latter varieties as threefolds of type V * 22 . In [Ti97] , Tian showed that there are threefolds of type V 22 with trivial automorphism group that do not admit Kähler-Einstein metrics, which disproved a folklore conjecture that all smooth Fano varieties without holomorphic vector fields are Kähler-Einstein. On the other hand, Donaldson proved Theorem 1.1 ([D08, Theorem 3]). Let X be the Mukai-Umemura threefold, and G be its automorphism group. Then
Here α G (X) is the α-invariant defined by Tian in [Ti87] . If X is a smooth Fano variety, and G is a reductive subgroup in Aut(X), then Demailly's [CS08, Theorem A.3] gives (1.2) α G (X) = sup    ǫ ∈ Q the log pair X, ǫ n D is log canonical for any n ∈ Z >0
and every G-invariant linear system D ⊂ − nK X    .
1
Donaldson's Theorem 1.1 implies the existence of a Kähler-Einstein metric on the Mukai-Umemura threefold by famous Tian's criterion: Theorem 1.3 ( [Ti87] ). Let X be a smooth Fano variety of dimension n, and G be a reductive subgroup in Aut(X). Suppose that α G X > n n + 1 .
Then X admits a Kähler-Einstein metric.
By the Matsushima obstruction, the unique threefold of type V 22 that admits a faithful action of the additive group C + is not Kähler-Einstein. An example of a Kähler-Einstein threefold of type V 22 with finite automorphism group has been constructed in [CS12] .
The problem of existence of Kähler-Einstein metrics on threefolds of type V * 22 was addressed by Donaldson in [D08, D18] , by Rollin, Simanca and Tipler in [RST13] , and by Dinew, Kapustka and Kapustka in [DKK17] . In particular, they proved that the set of such threefolds that are Kähler-Einstein is open in moduli in the Euclidean topology. Donaldson suggested that in fact all threefolds of type V * 22 are Kähler-Einstein. In [D08] , he wrote
The Mukai-Umemura manifold has τ = 1. When τ is close to 1 we have seen that the corresponding manifold admits a Kähler-Einstein metric. It seems likely that this true for all τ but, as far the author is aware, this is not known. It seems an interesting test case for future developments in the existence theory. Here τ is a parameter in the moduli space of threefolds of type V * 22 that is used in [D08] . The Mukai-Umemura threefold corresponds to τ = 1.
In [D18, §4.1], Donaldson made a more precise suggestion about which threefolds of type V 22 are Kähler-Einstein metric and which are not. It also predicts that each threefold of type V * 22 must admit a Kähler-Einstein metric. To verify Donaldson's suggestion, Dinew, Kapustka and Kapustka estimated the α C * -invariants of threefolds of type V * 22 . It appeared that they do not exceed 1 2 , so that Tian's Theorem 1.3 cannot be applied. However, the automorphism groups of all threefolds of type V mind [OF16, Conjecture 0.4], we expect that δ(V u ) = 1 for every u ∈ C \ {0, 1}. For u = 2 and u = 3 4
, this would give a strong evidence that V u admits a Kähler-Einstein metric.
Let us describe the structure of this paper. In §2, we recall from [KP17] the explicit construction of the threefold V u using a birational map from a three-dimensional quadric. In this section, we also describe this birational map explicitly in coordinates.
In §3, we start an explicit classification of all irreducible G-invariant curves in the threefold V u . In §4, we make the most complicated step needed for this classification, and prove Proposition 4.12 that gives a description of all such curves.
In §5, we study the pencil in the linear system | − K Vu | that consists of all G-invariant surfaces and describe singularities of surfaces in this pencil. This description gives us an upper bound on α G (V u ), which will later appear to be sharp.
In §6, we describe one Sarkisov link that plays a crucial role in the proof of Theorem 1.5. In this section, we also describe two special birational transformations of the threefold V u , which are known as bad Sarkisov links. They are also used in the proof of our Theorem 1.5. Finally, in §7, we prove Theorem 1.5.
(2.1) λ : (x : y : z : t : w) → (x : λy : λ 3 z : λ 5 t : λ 6 w).
Furthermore, consider the involution ι acting on P 4 by (2.2) ι : (x : y : z : t : w) → (w : t : z : y : x).
This defines the action of the group G ∼ = C * ⋊ µ 2 on P 4 . Let the quadric Q u , u ∈ C, be given by equation (2.3) u(xw − z 2 ) + (z 2 − yt) = 0.
Then the quadric Q u is G-invariant. Note that Q u is smooth provided that u ∈ {0, 1}. Therefore, until the end of the paper (with the only exception of Remark 2.12 below), we will always assume that neither u = 0 nor u = 1. Let Γ be the image of P 1 with homogeneous coordinates (s 0 : s 1 ) embedded into P 4 by (s 0 : s 1 ) → (s ). Then Γ is a G-invariant curve contained in the quadric Q u . It is the closure of the G-orbit of the point (1 : 1 : 1 : 1 : 1). One easily checks that deg(Γ) = 6, cf. Lemma 3.1 below.
V u ω g g P P P P P P P P Here V u is a smooth Fano threefold of type V * 22 , the morphism π is the blow up of the quadric Q u along the curve Γ, the morphism φ is the blow up of the threefold V u along a (unique) G-invariant smooth rational curve C 2 such that −K Vu · C 2 = 2, the map χ is a flop in two smooth rational curves, which we will describe later in Remark 2.11. The morphisms α and β in (2.5) are small birational morphisms that are given by the linear systems | −nK Qu | and | −nK Vu | for n ≫ 0, respectively. By construction, the threefold Y u is a non-Q-factorial Fano threefold with terminal singularities such that −K 3 Yu = 16. Remark 2.6. Kuznetsov and Prokhorov showed in [KP17] that every smooth Fano threefold of type V * 22 can be obtained via diagram (2.5) for some u ∈ C \ {0, 1}. Moreover, they proved that for distinct u the resulting varieties V u are not isomorphic. Furthermore,
, then V u is the Mukai-Umemura threefold by [KP17,  Recall from [IP99, Proposition 4.1.11] that the divisor −K Vu is very ample, and the linear system | − K Vu | gives an embedding V u ֒→ P 13 . In particular, the curve C 2 is a conic in this embedding. Let us identify V u with its anticalonical image in P 13 and fix the following notation.
• We denote by H Qu a hyperplane section of the quadric Q u in P 4 .
• We denote by H Vu a hyperplane section of the threefold V u in P 13 .
• We denote by S the proper transform of the surface S on the threefold Q u .
• We denote by E Qu the exceptional surface of the blow up π.
• We denote by E Vu the exceptional surface of the blow up φ.
Then S is the proper transform of E Vu on Q u , which is the unique divisor in the linear system |2π * (H Qu ) − E Qu |. Similarly, the proper transform of E Qu on V u is the unique surface in the linear system |2φ * (H Vu ) − 5E Vu |. Thus, we also fix the following notation.
• We denote by R the unique surface in the linear system |2φ * (H Vu ) − 5E Vu |.
• We denote by R the proper transform of the surface R on the threefold V u . Since R ∼ −2K Vu and mult C 2 (R) = 5, we can use [La04, Proposition 9.5.13] to get
Using the information about the classes of the exceptional divisors E Qu and E Vu , one can easily check that the rational map φ • χ : Q u V u is given by the linear system |5π
* (H Qu ) − 2E Qu |, and the rational map π • χ −1 : V u Q u is given by the linear system |φ
Remark 2.8. By [IP99, Proposition 4.1.12(iii)], the threefold V u is a scheme-theoretic intersection of quadrics in P 13 . Thus, since
10 that is birational on its image. Hence, there is a commutative diagram
such that the dashed arrow is a linear projection from the conic C 2 . This implies that we can assume that the morphism β in (2.5) is given by the linear system | − K Vu |. Hence, we can also assume that the morphism α is given by the linear system | − K Qu |. Thus, the threefold Y u is a (singular) Fano threefold anticanonically embedded into P 10 .
Let L 1 and L 2 be the tangent lines in P 4 to the curve Γ at the points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1), respectively. Then L 1 is given by (2.9) z = t = w = 0, and the line L 2 is given by (2.10)
Thus, both lines L 1 and L 2 are contained in the surface S. Denote by L 1 and L 2 the proper transforms of the lines L 1 and L 2 on the threefold Q u , respectively.
Remark 2.11. By [KP17, Remark 5.3], the curves L 1 and L 2 are the flopping curves of the map χ. The flopping curves of χ −1 are described in [KP17, Proposition 5.1]. Namely, the threefold V u contains exactly two lines that intersect the conic C 2 . Denote them by ℓ 1 and ℓ 2 , and denote their proper transforms on V u by ℓ 1 and ℓ 2 , respectively. The lines ℓ 1 and ℓ 2 intersect the conic C 2 transversally, because V u is an intersection of quadrics. Moreover, the lines ℓ 1 and ℓ 2 are contained in the surface R, since R ∼ −2K Vu and mult C 2 (R) = 5. By [KP17, Remark 5.3], the curves ℓ 1 and ℓ 2 are exactly the flopping curves of the map χ −1 . Thus, the birational map ζ in (2.5) induces an isomorphism
Without loss of generality, we may assume that β( ℓ 1 ) = α( L 1 ) and β( ℓ 2 ) = α( L 2 ). Note that the lines ℓ 1 and ℓ 2 on the Fano threefold V u are special, i.e., their normal bundles in V u are isomorphic to O P 1 (1) ⊕ O P 1 (−2). This implies that the normal bundles of the curves ℓ 1 and ℓ 2 in V u are isomorphic to O P 1 ⊕ O P 1 (−2), so that the flop χ −1 is given by Reid's pagoda [R83, §5] .
Remark 2.12 ([KP17, Proposition 5.4]). If u = 1, then the quadric threefold Q u is singular at the point (0 : 0 : 1 : 0 : 0). This point is not contained in the surface S, and it is not contained in the curve Γ. Thus, the commutative diagram (2.5) still makes sense in this case. The threefold V 1 is a Fano threefold with one ordinary double point such that −K
The commutative diagram (2.5) is usually called a Sarkisov link (that starts at Q u and ends at V u ). It plays a crucial role in the proof of our Theorem 1.5. In §6, we describe another G-equivariant Sarkisov link that starts at V u and ends at another threefold of type V Now we describe the birational maps γ and ζ in the commutative diagram (2.5) explicitly using coordinates on P 4 . To do this, let
Then the equation f = 0 cuts out the surface S on the quadric Q u . Now let
Then the involution ι swaps the polynomials h i and h 18−i for 3 i 8, and it preserves the polynomial h 9 . Observe also that these 11 cubic polynomials all vanish on the curve Γ. Moreover, the corresponding surfaces in Q u cut out by h i = 0 are smooth at a general point of the curve Γ, so that their proper transforms on Q u are all contained in the linear
Every polynomial h i is semi-invariant with respect to the C * -action (2.1). Moreover, the weight of the polynomial h i equals i. This implies, in particular, that they define linearly independent sections in 
for i ∈ {3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15}. Let
Note that the involution ι swaps the polynomials g i and g 30−i for 9 i 14, and it preserves both polynomials g 15 and g One can check that the multiplicities of the surfaces M i and M ′ 15 along the curve Γ equal 2. This also follows from the fact that the surfaces E Qu and S generate the cone of effective divisors of the threefold Q u . We conclude that the proper transforms of the surfaces M i and M ′ 15 on the threefold Q u generate the linear system |5H Qu −2E Qu |. Hence, the birational map ζ in (2.5) is given by (2.20)
x : y : z : t : w → g 9 : g 10 : 
This implies that all surfaces T i and T ′ 15 are irreducible, because the group Pic(V u ) is generated by the divisor H Vu . This implies that the surface M Proof. Let P λ ∈ P 4 be the point
where λ ∈ C. Let C be the (closure of the) curve swept out by P λ . Then C is contained in the quadric Q u , and C ∩ L 2 = P 0 = 0 : 0 : 0 : 1 : 1 .
Note that the point P 0 is not contained in the curve Γ, so that the proper transforms of the curves C and L 2 on the threefold Q u still meet at the preimage of the point P 0 . This implies that the proper transform C Vu of the curve C on the threefold V u intersects the line ℓ 2 . Substitute the coordinates of the point P λ into (2.20), multiply the coordinates of the resulting point by Using the C * -action on P 13 , we immediately obtain the equations of the line ℓ 2 . The equations for the line ℓ 1 are obtained in a similar way. Now the required assertion follows from (2.20).
Let us conclude this section by proving , and it also swaps the remaining two C * -fixed points, so that there are not G-fixed points in Q u . This also implies that there are no G-fixed points in Q u .
By Remark 2.11, the flopping curves of χ are disjoint and swapped by the involution ι. Hence, there are no G-fixed points in V u . Thus, if V u contains a G-fixed point, then it must be contained in the conic C 2 .
Let Π ∼ = P 2 be the linear span of the conic C 2 in P 13 . Then Π is G-invariant. Moreover, it follows from (2.20) and Remark 2.21 that the kernel of the G-action on Π is a cyclic subgroup of order 5 in G. This implies that there is a faithful action of a quotient of G that is isomorphic to G on Π and thus on C 2 . Therefore, the conic C 2 does not contain G-fixed points, so that there are no G-fixed points in V u .
Invariant curves
In this section, we make the first steps needed for a description of irreducible G-invariant curves in Q u and V u . We start with Lemma 3.1. Fix a point (a 0 : . . . : a n ) ∈ P n and fix integer numbers r 0 . . . r n . Let Z be the curve in P n that is the closure of the subset
Denote by Σ the set of indices i such that a i = 0. Let k = min Σ and K = max Σ. Denote by d the greatest common divisor of the numbers r i − r k for i ∈ Σ. Then
Furthermore, let s be the number of indices i in Σ with distinct r i . Then Z is a rational normal curve if and only if deg(Z) = s.
Proof. Straightforward.
There are no G-fixed points in Q u by Lemma 2.23. This implies, in particular, that every irreducible G-invariant curve in Q u is rational and contains at least one ι-fixed point. Hence, every irreducible G-invariant curve is a closure of the C * -orbit of any of its ι-fixed points.
Lemma 3.2. All ι-fixed points in Q u are the points
and the points (3.3)
where (a : b) ∈ P 1 .
Proof. Using (2.2), one can see that the ι-fixed points in P 4 are the points of the line
and the points of the plane
Intersecting the line with Q u , we obtain the points P ± . Similarly, intersecting the plane with the quadric Q u , we obtain the conic parameterized by (3.3).
Observe that the C * -orbit of the point P + is the same as the C * -orbit of the point P − . We denote its closure by Θ ± . Similarly, we denote the closure of the C * -orbit of the point (3.3) by Θ a,b . By construction, the curves Θ ± and Θ a,b are all irreducible G-invariant curves contained in the quadric Q u . Proof. Recall from §2 that the surface S is cut out on the quadric Q u by the equation f = 0, where
and w = −1 into the polynomial f , we get u − 1, so that the curve Θ ± is not contained in S. Similarly, substituting the coordinates of the point (3.3) into f , we obtain
and the first assertion follows. The curve Θ 1,0 is the closure of the C * -orbit of the point P = (1 : 1 : −1 : 1 : 1). Thus, by (2.16), the curve γ(Θ 1,0 ) is the closure of the C * -orbit of the point γ(P ) = (1 : 1 : 0 : 0 : 1 : 0 : 1 : 0 : 0 : 1 : 1), so that the degree of the curve γ(Θ 0,1 ) is 12 by Lemma 3.1.
Let ∆ be the conic in Q u that is cut out by
Then ∆ is G-invariant. One can check that
Then Υ is G-invariant. One can check that Proof. By (2.20), the curve ζ(Θ ± ) is the closure of the C * -orbit of the point ζ(P + ) that is
is a curve of degree 12 by Lemma 3.1, and it is contained in T 15 ∩ T ′ 15 . This proves assertion (i). To prove assertions (ii), (iii) and (iv), we need some auxiliary computations. Define the polynomial
Furthermore, define the polynomials
Recall that u = 0 and u = 1. Observe that q i is coprime to q j for 0 i < j 6 with the following exceptions:
• q 0 is divisible by q 6 provided that u 2 − 2u + 2 = 0;
• q 2 and q 3 have a common linear factor provided that u =
Substituting the coordinates of the point (3.3) into the polynomials g i and g ′ 15 , we obtain the polynomials p i and p ′ 15 (in a and b), respectively. We compute
Let us consider the curve Θ a,b not contained in the surface S. By Lemma 3.4 this means that a = 0, b = 0, a − b = 0 and (u − 1)a − ub = 0. These conditions imply that Suppose that Θ a,b = Υ. Then q 2 = 0, so that
The coprimeness properties of the polynomials q i imply that p 9 , p 11 , p 13 , p 15 , p 17 , p 19 and p 21 do not vanish. Therefore, we see that ζ(Υ) is a rational normal curve of degree 6 by (2.20) and Lemma 3.1, which proves assertion (iii). Now suppose that Θ a,b is different from ∆ and Υ. This means that q 1 = 0 and q 2 = 0, so that in particular p 12 and p 13 do not vanish. If q 0 = 0, then p 9 and p 21 do not vanish as well, so that the degree of the curve ζ(Θ a,b ) is 12 by (2.20) and Lemma 3.1. Thus, we may assume that q 0 = 0, so that p 9 = p 21 = 0.
The coprimeness properties of the polynomials q i imply that p 10 , p 11 and p 20 do not vanish, so that the degree of the curve ζ(Θ a,b ) is 10 by (2.20) and Lemma 3.1. This proves assertion (iv). The condition p 9 = p 21 = 0 means that the curve Θ a,b is contained in M 9 and M 21 . Since M 9 = N 3 +S and M 21 = N 15 +S, we see that Θ a,b is contained in N 3 and N 15 , because we assume that Θ a,b is not contained in S. This proves assertion (v) and completes the proof of the lemma.
Taking a more careful look at the proof of Lemma 3.7, one can deduce that there are only a finite number of curves among ζ(Θ a,b ) that are not rational normal curves of degree 12. Moreover, one can explicitly describe all such curves for any given u. , let ϑ be one of the roots (3u + 1)(1 − u).
In this case, we assume that ϑ = 1. Observe that the quadric Q u contains the point (3.11) 1 : 1 : 1 :
Similarly, the quadric Q u contains the point (3.12) 1 : 1 : 1 :
Let Ψ be the closure of the C * -orbit of the point (3.11), and let Ψ ′ be the closure of the C * -orbit of the point (3.12). Then the curve Ψ is G-invariant, since the C * -orbit of the point (3.11) contains the image of this point via the involution ι, because
Similarly, we see that the curve Ψ ′ is G-invariant. Of course, the curves Ψ and Ψ ′ are of the form Θ a,b for certain a and b, but we will never use the values of these parameters.
It is straightforward to check that Ψ = Ψ ′ if and only if u = − Proof. Using (2.3), we see that the intersection N 3 ∩ N 15 is given in P 4 by (3.14)
In fact, this system of equation defines an effective one-cycle in Q u of degree 18, which contains the curve Γ. Let us show that N 3 ∩ N 15 contains the curves Ψ and Ψ ′ . To do this, we may consider the subset where x = 0, so that we let x = 1. Substituting z = y 3 and
into t 3 − zw 2 = 0, we obtain the equation
If t = y 5 , we get the curve Γ. Thus, the remaining part of the subset (3.14) consists of the C * -orbits of the points 1 : 1 : 1 : t : t + u − 1 u where t is a solution of the quadratic equation
Solving this equation, we obtain exactly the points (3.11) and (3.12). This shows that (3.14) contains the curves Ψ and Ψ ′ . This proves assertion (i). Observe that the intersection S ∩ N 3 consists of the curve Γ, the line L 2 , and the line y = z = w = 0. Similarly, the intersection S ∩ N 15 consists of the curve Γ, the line L 1 , and the line x = z = t = 0. Thus, the curve Ψ is contained in S if and only if Ψ = Γ. Since S is cut out on Q u by the equation xw = yt, we see that if Ψ is contained in S,
Simplifying this equation, we get ϑ =
, which implies that u = 2 3
, so that ϑ = 1 by assumption, which implies that the point (3.11) is not contained in S. Hence, we see that Ψ is not contained in S. Similarly, we see that Ψ ′ is contained in S if and only if u = . This proves assertion (ii). Since Ψ is not contained in S, we see that ζ(Ψ) is a curve of degree 10 by Lemma 3.7(v). Similarly, if u = 2 3
, then Ψ ′ is not contained in S, so that ζ(Ψ ′ ) is a curve of degree 10 by Lemma 3.7(v) as well. This proves assertions (iii) and (iv).
If Θ a,b is not contained in the surface S and ζ(Θ a,b ) is a curve of degree 10, then Θ a,b is contained in N 3 ∩ N 15 by Lemma 3.7(v). On the other hand, the intersection N 3 ∩ N 15 is given by (3.14). We just proved that this system of equation defines the union Γ ∪ Ψ ∪ Ψ ′ , so that either Θ a,b = Ψ or Θ a,b = Ψ ′ . This proves assertion (v). To prove assertions (vi) and (vii), let us find the local equations of the surfaces N 3 , N 15 and S at the point (1 : 1 : 1 : 1 : 1). We may work in a chart x = 0, so that we let x = 1. Substituting w = yt u + u−1 u z 2 into the equation t 3 − w 2 z = 0 and multiplying the resulting equation by u 2 , we obtain the equation
Similarly, the surface S is given by ty = z 2 , and the surface N 3 is given by z = y 3 . Now introducing new coordinatesȳ = y − 1,z = z − 1 andt = t − 1, we see that N 15 is given by 2ȳ + (5u − 4)z + (2 − 3u)t + higher order terms = 0.
Similarly, the surface S is given by . This proves assertions (vi) and (vii).
To prove assertion (viii), we assume that u = − 1 3
. Then Ψ = Ψ ′ , and the point (3.
Recall from Remark 2.11 that the birational map ζ in (2.5) induces an isomorphism
Therefore, from (2.20) and Lemmas 3.7 and 3.13, we obtain an explicit description of all irreducible G-invariant curves in the Fano threefold V u that are not contained in the surface R. Thus, to classify all such curves in V u , we need to describe those of them that are contained in R. This will be done in the next section.
Invariant curves in the surface R
In this section we describe irreducible G-invariant curves in the surface R, and complete the classification of irreducible G-invariant curves in the threefold V u (see Proposition 4.12). We will see that R contains exactly two irreducible G-invariant curves. One of them is the conic C 2 . To describe the second curve, we will describe all irreducible G-invariant curves in surface E Qu . We start with Remark 4.1. Recall from Remark 2.4 that the surface S is smooth at every point of the curve Γ except for the points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1), where it has isolated ordinary double singularities. This implies that
for some section Γ of the projection E Qu → Γ, where l 1 and l 2 are the fibers of this projection over the points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1), respectively. The curve Γ is irreducible and G-invariant. Since Γ is contained in S, its image in V u is the conic C 2 . Now let us show that E Qu contains exactly two irreducible G-invariant curves.
Lemma 4.2. The surface E Qu contains exactly two irreducible G-invariant curves. One of them is the curve Γ from Remark 4.1. The second one is also a section of the projection E Qu → Γ.
Proof. Let l be the fiber of the natural projection E Qu → Γ over the point (1 : 1 : 1 : 1 : 1). Then l ∼ = P 1 and the curve l is ι-invariant. Thus, either ι fixes every point in l, or ι fixes exactly two points in l. Let us show that the former case is impossible. To do this, recall , then N 3 is not tangent to N 15 at a general point of Γ by Lemma 3.13(vi). Hence, in this case, we have
, then the involution ι acts on the curve l non-trivially.
Recall that ι(N 5 ) = N 13 , the surface N 5 is cut out on Q u by x 2 t − y 2 z = 0, and the surface N 5 is cut out on Q u by yw 2 − zt 2 = 0. Let us find out when N 5 is tangent to N 13 at a general point of Γ. To do this, let us describe the local equations of the surfaces N 5 and N 13 at the point (1 : 1 : 1 : 1 : 1). We may work in a chart x = 0, so that we let x = 1. Substituting
into yw 2 − zt 2 = 0 and multiplying the resulting equation by u 2 , we obtain the equation
This is the equation of N 13 . The equation of the surface N 5 is simply t = y 2 z. Now introducing new coordinatesȳ = y − 1,z = z − 1 andt = t − 1, we see that N 13 is given by (u + 2)ȳ + (3u − 4)z + 2(1 − u)t + higher order terms = 0. Similarly, the surface N 13 is given by 2ȳ +z −t + higher order terms = 0. This implies that N 5 is tangent to N 13 at the point (1 : 1 : 1 : 1 : 1) if and only if u = 2.
Recall from Lemma 3.13(vi) that N 3 is tangent to N 15 at a general point of the curve Γ if and only if u = . We see that N 5 is tangent to the surface N 13 at a general point of the curve Γ if and only if u = 2. The same arguments imply that N 8 is never tangent to N 10 at a general point of the curve Γ. Arguing as above, we see that ι acts on l non-trivially as claimed.
Since ι acts non-trivially on the fiber l, it fixes two points in l. One of them is the point l ∩ S. It is contained in Γ, so that Γ is the closure of the C * -orbit of the point l ∩ S. Similarly, the closure of the C * -orbit of the second fixed point of the involution ι is another irreducible G-invariant curve in E Qu . Then every irreducible G-invariant curve in E Qu must be one of these two curves. Indeed, an irreducible G-invariant curve in E Qu cannot be contracted by π, since Q u does not have G-fixed points. Moreover, since all C * -orbits in E Qu that are not contained in the fibers of the projection E Qu → Γ are its sections, we conclude that an intersection of any irreducible G-invariant curve in E Qu with l must consist of a ι-invariant point, which in turn uniquely determines this curve. Since we proved that l contains exactly two ι-fixed points, an irreducible G-invariant curve in E Qu must be the closure of the C * -orbit of one of these two points. This completes the proof of the lemma.
Thus, the surface E Qu contains exactly two irreducible G-invariant curves. One of them is the curve Γ from Remark 4.1. The second curve can be described rather explicitly. at the point (1 : 1 : 1 : 1 : 1). We may work in the chart x = 0, so that we let x = 1. Substituting x = 1 and w = yt u
+ µg 15 and multiplying the result by u 2 , we obtain the polynomial
Then introducing new coordinatesȳ = y − 1,z = z − 1 andt = t − 1, we rewrite this polynomial as (4.4) (µu 2 − 2µu + 3u 2 + µ + u − 3)t 2 + + (2µu 2 − 4µu − 3u 2 + 2µ + 8u − 6)tȳ + (12 − 4µu 2 + 8µu − 9u 2 − 4µ − 6u)tz+ + (µu 2 − 2µu + 3u 2 + µ + 7u − 3)ȳ 2 + (12 − 4µu 2 + 8µu + 3u 2 − 4µ − 18u)ȳz+ + (4µu 2 − 8µu + 7u 2 + 4µ + 8u − 12)z 2 + higher order terms. Comparing it with (3.15), we see that the intersection M µ 15 ∩ l consists of a single point that is not contained in S. This is the second point fixed in l by the involution ι. Observe also that the curve L 1 is contained in N 3 , and it is not contained in N 15 . Similarly, the curve L 2 is contained in N 15 , and it is not contained in N 3 . Thus, since N 15 · L 1 = 0 and N 3 · L 2 = 0, we see that L 1 is disjoint from N 15 , and L 2 is disjoint from N 3 . Using (2.5) and (2.20), we see that
Moreover, the surfaces T 9 and T 21 intersect transversally at a general point of the conic C 2 , since the surface S does not contain the curves Z and Ψ. Furthermore, the curve ζ(Ψ) has degree 10 by Lemma 3.13(iii). Thus φ • χ( Z) is also a curve of degree 10.
Remark 4.6. Suppose that u = 2. Let Z be an irreducible G-invariant curve contained in the surface E Qu that is different from the curve Γ. Let us use the notation from the proof of Lemma 4.2 and Remark 4.3. In the proof of Lemma 4.2, we showed that both surfaces N 5 and N 13 contain the curve Z. On the other hand, we have
Moreover, the surfaces N 5 and N 13 are not tangent at a general point of the conic ∆. This can be checked, for example, using local equations of the surfaces N 5 and N 13 at the point (1 : 0 : 2 : 0 : 2). Observe also that the surface N 5 is smooth at the point (0 : 0 : 0 : 0 : 1), and the surface N 13 is smooth at the point (1 : 0 : 0 : 0 : 0). Hence, we deduce that
where ∆ is the proper transform of the conic ∆. Moreover, the surfaces N 5 and N 13 intersect transversally at a general point of the curve Z. Indeed, otherwise the curve Γ would be contained in the one-cycle N 5 · N 13 with multiplicity at least 3, which is impossible, since H Qu · N 5 · N 13 = 18, and the one-cycle N 5 · N 13 also contains the conic ∆ and the lines L 1 and L 2 . Thus, keeping in mind that the curves L 1 and L 2 are contracted by α, we conclude that
On the other hand, the degree of the curve γ(∆) is 4, one has −K This implies that α( Z) is a curve of degree 12, because α( N 5 ) and α( N 13 ) intersect transversally at general points of the curves α( Z) and γ(∆). Denote by C the proper transform of the curve Z on the threefold V u . Then
We conclude our investigation of irreducible G-invariant curves in E Qu by the following result, which also completes the description of irreducible G-invariant curves in V u of degree 10 started in Lemma 3.13 and Remark 4.5.
Lemma 4.7. Let Z be an irreducible G-invariant curve contained in the surface E Qu . Then one of the following two possibilities holds.
• The curve Z is the curve Γ from Remark 4.1. The curve φ • χ( Z) is the conic C 2 .
The degree of the curve α( Z) is at least 12.
• The curve Z is the unique irreducible G-invariant curve in E Qu not contained in S.
If u = Proof. The normal bundle of the smooth rational curve Γ in Q u is isomorphic to O P 1 (p) ⊕ O P 1 (q) for some integers p and q such that p q and p + q = 16. Thus, the exceptional surface E Qu is a Hirzebruch surface F n for n = p − q 0. Denote by s the section of the natural projection E Qu → Γ such that s 2 = −n. Then −E Qu | E Qu ∼ s + κl for some integer κ. One has
l. On the other hand, it follows from Remark 4.1 that S| E Qu = Γ + l 1 + l 2 , where l 1 and l 2 are the fibers of the natural projection E Qu → Γ over the points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1), respectively. This gives Γ ∼ s + n+4 2 l, which implies, in particular, that Γ = s. Hence, we have
which implies that n 4. Thus, we compute
In particular, if Z = Γ, then (4.8) gives
Let C be the proper transform of the curve Z on the threefold V u , and let C = φ( C).
Now let us use the notation from the proof of Lemma 4.2 and Remark 4.3. To complete the proof, we may assume that Z is the closure of the C * -orbit of the point M
, it is a section of the natural projection E Qu → Γ, and it is not contained in S. In particular, we have Z = Γ.
By Remarks 4.5 and 4.6, we may assume that u = . Since we assumed that u = 2 3
, we see that
Likewise, the surface N 5 is tangent to the surface N 13 at a general point of the curve Γ if and only if u = 2. We showed this in the proof of Lemma 4.2. Similar computations imply that the surface N 8 is not tangent to N 10 at a general point of the curve Γ. Therefore, the curve Z is contained neither in N 5 ∩ N 13 nor in N 8 ∩ N 10 . The obtained contradiction shows that the case n > 0 is impossible, so that n = 0. Since n = 0, one has E Qu ∼ = P 1 × P 1 . By (4.8), we have
This also shows that −K Qu · Z = 10 if and only if Z ∼ s. However, this case is impossible. Indeed, if Z ∼ s, then the linear system |s| contains at least two irreducible G-invariant curves. On the other hand, we already know from Lemma 4.2 that Z and Γ ∼ s + 2l are the only irreducible G-invariant curves in the surface E Qu . Hence, using (4.9) we conclude that deg(C) −K Qu · Z 11. Using Lemma 3.7, we see that V u does not contain irreducible G-invariant curves of degree 1, 3, 5, 7, 8 and 9. In particular, the threefold V u does not contain G-invariant lines, which also follows from [KP17, Lemma 4.1(i)].
By Remark 3.10, there exists a unique surface in the pencil generated by T 15 and T 4(u−1) 2 . Thus, if deg(C) = 11, there should be at least one surface among T 9 , T 10 , T 11 , T 12 , T 13 , T 14 , T 16 , T 17 , T 18 , T 19 , T 20 , T 21 that also contains C. But we proved above that none of the surfaces N 3 , N 5 , N 8 , N 10 , N 13 , N 15 contains the curve Z, so that the surfaces T 9 , T 11 , T 14 , T 16 , T 19 and T 21 do not contain C either. Similarly, the surfaces T 12 , T 13 , T 17 and T 18 do not contain the curve C, because the surfaces H x , H y , H z , H t and H w do not contain the curve Γ. Thus, to complete the proof, we may assume that either T 10 or T 20 contains the curve C. Actually, this assumption implies that both surfaces T 10 and T 20 contain the curve C, since ι(T 10 ) = T 20 . Note that this case is indeed possible when u = −2 by Remark 4.11 below.
By Lemma 3.7, both surfaces T 10 and T 20 contain the curves ζ(∆) and ζ(Υ), the degree of the curve ζ(∆) is 4, and the degree of the curve ζ(Υ) is 6. Since we already know that deg(C)
11, we see that the G-invariant one-cycle T 10 · T 20 consists of the curves ζ(∆), ζ(Υ), C and a G-invariant curve of degree 12 − deg(C). Since V u does not contain G-invariant lines, we see that and u = 2, then E Qu ∼ = P 1 × P 1 , so that the normal bundle of the curve Γ in the quadric Q u is isomorphic to O P 1 (8) ⊕ O P 1 (8). We showed this in the proof of Lemma 4.7. Vice versa, if u = 2 3 or u = 2, then one can show that E Qu ∼ = F 4 , so that the normal bundle of the curve Γ is O P 1 (6) ⊕ O P 1 (10) in this case. into the polynomial u 3 g 20 , we obtain the polynomial
Then the quadratic part of the local expansion of the polynomial u 2 g 20 is
Both these quadric forms are degenerate, so that they define reducible conics in P 2 y,z,t . If u = −2, then these conics do not have common components. However, if u = −2, then the former quadratic form is (t − 5ȳ)(ȳ + 3z − 2t), and the latter quadratic form is 4(ȳ − 12z + 7t)(ȳ + 3z − 2t). Note that the quadratic part of the polynomial (4.4) is a multiple of (ȳ + 3z − 2t) 2 . Thus, if u = −2, then M 10 ∩ M 20 contains the irreducible G-invariant curve in E Qu that is different from the curve Γ, see Remark 4.1.
Recall that ζ(S) = C 2 . Denote the curves ζ(∆) and ζ(Υ) by C 4 and C 6 , respectively. Similarly, if u = , let C 10 = ζ(Ψ) and let C ′ 10 = φ • χ( Z), where Z is the irreducible G-invariant curve in E Qu that is different from the curve Γ.
Proposition 4.12. Let C be an irreducible G-invariant curve in V u with deg(C) < 12. Then either C = C 2 , or C = C 4 , or C = C 6 , or C = C 10 , or C = C ′ 10 . Proof. We may assume that C = C 2 . Denote by C the proper transform of the curve C on the threefold V u . By Remark 2.11, the curve C is not flopped by χ −1 . Denote by Z the proper transform of the curve C on the threefold Q u . Then Z is not contracted by π, since Q u does not have G-fixed points by Lemma 2.23.
Let Z = π( Z). Then Z is an irreducible G-invariant curve. Hence, the curve Z is either the curve Θ ± , or the curve Θ a,b for some (a : b) ∈ P 1 . Therefore, if Z is not contained in S, the required assertion follows from Lemmas 3.7 and 3.13. Thus, we may assume that Z ⊂ S, which implies that Z = Γ, because C = C 2 by assumption. This simply means that Z is contained in the exceptional surface E Qu . Then u = Using Remark 2.21 and Lemmas 3.13 and 4.7, we see that (4.13)
T 9 · T 21 = C 10 + C ′ 10 + C 2 .
Anticanonical pencil
Let P Qu be the pencil of surfaces in |5H Qu | that are cut out on Q u by µ 0 g 15 + µ 1 g ′ 15 = 0, where (µ 0 : µ 1 ) ∈ P 1 . Here g 15 is the polynomial of weight 15 in (2.17), and g ′ 15 is the polynomial of weight 15 in (2.18). Then the pencil P Qu is free from base components.
Denote by P Vu the proper transform of the pencil P Qu on the threefold V u . Then P Vu is generated by the irreducible surfaces T 15 and T ′ 15 , and it contains all G-invariant surfaces in the linear system | − K Vu |. This follows from (2.20).
By Lemma 2.22, the base locus of the pencil P Vu contains the lines ℓ 1 and ℓ 2 from Remark 2.11. Similarly, we know from Lemma 3.7(i) that the base locus of the pencil P Vu contains the curve ζ(Θ ± ). Thus, using Remark 3.10 and Proposition 4.12, we obtain Corollary 5.1. The curve ζ(Θ ± ) is the only irreducible G-invariant curve in V u which is contained in the base locus of the pencil P Vu .
Therefore, for every irreducible G-invariant curve in V u that is different from ζ(Θ ± ), there exists a unique surface in the pencil P Vu that contains this curve. In particular, the pencil P Vu contains a unique surface that passes through C 4 , and it contains a unique surface that passes through C 6 . Below we describe both of them. 
Substituting (3.6) into g , we obtain
Thus, at a general point of the curve C 4 , the surface M ′ 15 has singularity locally isomorphic to the product of C and the germ of the curve singularity given by
If u = 2, the quadratic part −u(u − 2)ty of the left hand side is non-degenerate, so that M ′ 15 has a non-isolated ordinary double point at P . If u = 2, the above equation becomes t 3 + 4y 3 − 8t 2 y 2 + 2t 4 y + t 5 y 2 = 0, which defines an ordinary triple point (also known as curve singularity of type D 4 ), and the assertion follows.
Denote by M Substituting t = 1 and y = z 2 + u(wx − z 2 ) into g Proof. Recall from (3.5) that the conic ∆ is the scheme-theoretic intersection of the surfaces H y and H t . Moreover, it follows from (3.8) that C 4 is contained in the intersection
Recall also that T 13 is the proper transform on V u of the surface H y , and the surface T 17 is the proper transform on V u of the surface H t . Thus, using Remark 2.21 and Lemma 2.22, we see that the intersection T 13 ∩ T 17 consists of the curve C 4 , the conic C 2 , the lines ℓ 1 and ℓ 2 from Remark 2.11, and the proper transform on V u of the fibers of π over the points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1).
Recall that T 11 is the proper transform on V u of the surface N 5 , and the surface T 19 is the proper transform on V u of the surface N 13 . Since N 5 contains Γ and is smooth at the point (1 : 0 : 0 : 0 : 0), the surface N 5 does not contain the fiber of π over this point. Similarly, the surface N 13 does not contain the fiber of π over the point (0 : 0 : 0 : 0 : 1). Hence, using Remark 2.21 again, we see that the only curves contained in the intersection T 11 ∩ T 13 ∩ T 17 ∩ T 19 are the conic C 2 , the curve C 4 , and the lines ℓ 1 and ℓ 2 .
By Remark 2.21, the surface T ′ 15 does not contain the conic C 2 . Similarly, it follows from Lemma 2.22 that the intersection T 10 ∩ T 20 contains neither ℓ 1 nor ℓ 2 . Thus, we see that C 4 is the only curve contained in the intersection (6.3).
The base locus of the linear system |σ * (H Vu ) − E σ | does not contain curves away from the exceptional surface E σ . Moreover, the surfaces T 13 and T 17 intersect transversally at a general point of the curve C 4 , because the surfaces H y and H t intersect transversally at every point of the conic ∆. Hence, the base locus of the linear system |σ * (H Vu ) − E σ | does not contain curves, with the only possible exception of finitely many fibers of the projection E σ → C 4 . This implies the required assertion.
Lemma 6.4. Suppose that C = C 6 . Then σ * (H Vu ) − E σ is nef.
Proof. Recall from (3.6) that the conic Υ is the scheme-theoretic intersection of the surfaces H x and H w . Moreover, it follows from (3.9) that C 6 is contained in the intersection (6.5)
Recall also that T 12 is the proper transform on V u of the surface H x , and the surface T 18 is the proper transform on V u of the surface H w . Moreover, the surface H x does not contain the point (1 : 0 : 0 : 0 : 0), and the surface H w does not contain the point (0 : 0 : 0 : 0 : 1). Thus, using Remark 2.21 and Lemma 2.22, we see that the intersection T 12 ∩ T 18 consists of the curve C 6 , the conic C 2 , and the lines ℓ 1 and ℓ 2 from Remark 2.11.
By Remark 2.21, the surface T ′′ 15 does not contain the conic C 2 . Similarly, it follows from Lemma 2.22 that the intersection T 10 ∩ T 20 contains neither ℓ 1 nor ℓ 2 . Thus, the curve C 6 is the only curve contained in the intersection (6.5).
The base locus of the linear system |σ * (H Vu ) − E σ | does not contain curves away from the exceptional surface E σ . Moreover, the surfaces T 13 and T 18 intersect transversally at a general point of the curve C 6 , because the surfaces H x and H w intersect transversally at every point of the conic Υ. Therefore, the base locus of the linear system |σ * (H Vu ) − E σ | does not contain curves with the only possible exception of finitely many fibers of the projection E σ → C 6 . This implies the required assertion.
We see that −K Vu is nef. Since E
. Therefore, the divisor −K Vu is also big. Thus, it follows from Basepoint-free Theorem that the linear system | − nK Vu | is free from base points for n ≫ 0, see [KM98, Theorem 3.3] . This linear system gives a crepant birational morphism η : V u → Y , so that Y is a Fano threefold with at most canonical singularities such that −K 
We may assume that u = 2. Then mult C (T ′ 15 ) = 2 by Lemma 5.2. Let F be an irreducible surface in V u . Then F ∼ σ * (nH Vu ) − mE σ for some integers n and m. We compute 
3 σ = 14n − 8m, so that m = 3n, which implies that F is also not contracted by η.
Therefore, if C = C 4 and u = 2, then it follows from standard computations like in [IP99, §4.1] or [Ta89, ACM17, CM13] that there exists a G-equivariant commutative diagram
where ρ is the flop in the curves contracted by η, and the variety V u ′ is a smooth Fano threefold of type V * 22 that corresponds to (some) parameter u ′ , which is possibly different from u. Here the map σ ′ is a birational morphism that contracts the proper transform of the surface T Remark 6.8. It would be interesting to know whether the threefold V u ′ in (6.7) is isomorphic to the threefold V u or not, that is, whether u = u ′ or not.
Lemma 6.9. Suppose that C = C 4 and u = 2. Then η does not contract curves in E σ .
Proof. The normal bundle of the curve C 4 in V u is isomorphic to O P 1 (p) ⊕ O P 1 (q) for some integers p and q such that p q and p + q = 2. Thus, the exceptional surface E σ is a Hirzebruch surface F n for n = p − q 0. Denote by s a section of the natural projection E σ → C 4 such that s 2 = −n, and denote by l a fiber of this projection. Then −E σ | Eσ ∼ s + κl for some integer κ. One has
. By Remark 6.1, one has
where C is a reducible G-irreducible 2-section of the projection E σ → C 4 , the curves l 1 and l 2 are the fibers of this projection over two C * -fixed points in C 4 , respectively, and κ is a non-negative integer. This gives C ∼ 2s + (n + 2 − 2κ)l.
Since C = s, we have 0 C · s = 2 − n − 2κ, which gives n 2. This implies that the divisor
is ample, and the assertion follows.
If C = C 6 , then the morphism η is never small, since it contracts the surface T ′′ 15 . Indeed, in this case, we have T ′′ 15 ∼ σ * (H Vu ) − 2E σ by Lemma 5.5, which implies that
This is a so-called bad link (cf. Sarkisov link No. 93 in [ACM17] ).
The proof
In this section, we prove Theorem 1.5. Let Remark 7.1. Let D be a non-empty G-invariant linear subsystem in | − nK Vu | for some n ∈ Z >0 . Fix a positive rational number ǫ. Suppose that the log pair (V u , ǫ n D) is strictly log canonical, i.e., log canonical but not Kawamata log terminal. Let Z be a center of log canonical singularities of the log pair (V u ,
Then Z is C * -invariant. This follows from the existence of an equivariant strong resolution of singularities (see [RY02, Ko07] ).
Remark 7.2. In the assumptions of Remark 7.1, let F be the fixed part of the linear system D, and let M be its mobile part, so that
Since Pic(V u ) = Z[−K Vu ], one has F ∼ −n 1 K Vu and M ∼ −n 2 K Vu for some nonnegative integers n 1 and n 2 such that n 1 + n 2 = n. Then Z is a center of log canonical singularities of either (V u , Remark 7.3. In the assumptions of Remark 7.2, there is a C * -invariant divisor D ∈ D. Then Z is a center of log canonical singularities of the log pair (V u ,
Hence, to prove Theorem 1.5, it is enough to show that the log pair (V u , ε(u)D) is log canonical for every G-invariant effective Q-divisor D on the threefold V u such that
Moreover, if necessary, we may assume that D = 1 n S for some irreducible surface S in the linear system | − nK Vu |. This follows from Remark 7.4. Let D be a G-invariant effective Q-divisor D on the threefold V u such that D ∼ Q −K Vu , and let Z be an irreducible subvariety in V u such that Z is a center of log canonical singularities of the log pair (V u , ǫD), where ǫ is a positive rational number. Suppose that
Here ǫ 1 and ǫ 2 are positive rational numbers such that ǫ 1 + ǫ 2 = 1. Then either Z is a center of log canonical singularities of the log pair (V u , The key point in the proof of Theorem 1.5 is the following
is not log canonical at a general point of one of the curves C 2 , C 4 or C 6 .
Proof. Let ǫ be a positive rational number such that (V u , ǫD) is strictly log canonical. Then ǫ < ε(u). Let Z be a minimal center of log canonical singularities of the log pair (V u , ǫD). Since Pic(V u ) is generated by −K Vu and ǫ < 1, the center Z is either a point or a curve. Recall from Remark 7.1 that Z is C * -invariant. Observe that ι(Z) is also a minimal center of log canonical singularities of the log pair (V u , for some positive rational number θ < ε(u), the log pair (7.6) V u , ǫ − ǫ 1 D + ǫ 2 B has strictly log canonical singularities, and the only centers of log canonical singularities of the log pair (7.6) are Z and ι(Z).
Observe that the divisor −(K Vu +(ǫ−ǫ 1 )D+ǫ 2 B) is ample, since θ < ε(u) < 1. Thus, the locus of log canonical singularities of the pair (7.6) is connected by the Kollár-Shokurov connectedness principle [KM98, Corollary 5.49]. Since there are no G-fixed points on V u by Lemma 2.23, the center Z is not a point, so that Z is a curve.
By [Ka97, Proposition 1.5], either Z = ι(Z), or the centers Z and ι(Z) are disjoint. Using the Kollár-Shokurov connectedness, we see that Z = ι(Z), so that Z is G-invariant.
Since (θ − ε(u))K Vu is an ample Q-divisor, using Kawamata subadjunction theorem [Ka98, Theorem 1], we see that Z is smooth and 10, so that deg(Z) 9. Thus, by Proposition 4.12, the curve Z is one of the curves C 2 , C 4 or C 6 , which is exactly what we need.
In the remaining part of this section, we will show that (V u , ε(u)D) is log canonical at general points of the curves C 2 , C 4 or C 6 for every G-invariant effective Q-divisor D on the threefold V u such that D ∼ Q −K Vu . We start with the conic C 2 .
Lemma 7.7. Let D be a G-invariant effective Q-divisor on V u such that D ∼ Q −K Vu . Then the log pair (V u , 4 5 D) is log canonical at a general point of the curve C 2 .
Proof. The normal bundle of the conic C 2 in V u is either isomorphic to O P 1 ⊕ O P 1 , or isomorphic to O P 1 (−1) ⊕ O P 1 (1). Thus, the exceptional surface E Vu is either P 1 × P 1 or the Hirzebruch surface F 2 .
If E Vu ∼ = P 1 × P 1 , we denote by s the section of the natural projection E Vu → C 2 such that s 2 = 0. Similarly, if E Vu ∼ = F 2 , we denote by s the section of the projection E Vu → C 2 such that s 2 = −2. If E Vu ∼ = P 1 × P 1 , then −E Vu | E Vu ∼ s. Similarly, if E Vu ∼ = F 2 , then
where l is the fiber of the natural projection E Vu → C 2 . Denote by D the proper transform of the divisor D on the threefold V u . Then
where m = mult C 2 (D). One the other hand, we know that R ∼ 2φ * (H Vu ) − 5E Vu , so that
which implies that m 5 2
, because E Qu is the proper transform of the surface R on the threefold Q u .
Suppose that the log pair (V u , , see for instance [La04, Proposition 9.5.13]. Moreover, the surface E Vu contains a G-irreducible curve C such that φ( C) = C 2 , and the log pair , the curve C must be a section of the natural projection E Vu → C 2 . This fact is well-known. See for instance [CP16, Remark 2.5]. Thus, the curve C is irreducible.
Applying [KM98, Theorem 5.50] to (7.8), we see that the log pair (E Vu ,
5
D| E Vu ) is also not log canonical at a general point of the curve C. This simply means that 4 5 D E Vu = θ C + Ω for some rational number θ > 1 and some effective Q-divisor Ω on the surface E Vu . One has C ∼ s + κl for some non-negative integer κ. If E Vu ∼ = P Hence, we may assume that u = 2, so that mult C 4 (T ′ 15 ) = 2 by Remark 6.1. Then . Suppose that (V u , ǫD) is not log canonical at a general point of the curve C 4 . Then the surface E σ contains a G-irreducible curve Z such that σ( Z) = C 4 , and the log pair (7.13) V u , ǫ D + ǫm − 1 E σ is not log canonical at a general point of the curve Z. Moreover, since ǫm = 5m 6 35 24
< 2, the curve Z must be a section of the natural projection E σ → C 4 . This is well-known. See for instance [CP16, Remark 2.5].
We see that Z is irreducible. Thus, the curve Z is not contained in T ′ 15 by Remark 6.1. Moreover, it follows from Lemma 6.9 that the curve Z is not contracted by η, so that Z is not flopped by ρ.
Denote by D ′ the proper transform of the divisor D on the threefold V u ′ , and denote by T ′ the proper transform of the exceptional surface E σ on the threefold V u ′ . Then the log pair (7.14)
V u ′ , ǫD ′ + ǫm − 1 T ′ is not log canonical, because the log pair (7.13) is is not log canonical at a general point of the curve Z.
